Abstract. We show that each of the classes of hereditarily locally connected, finitely Suslinian, and Suslinian continua is Π 1 1 -complete, while the class of regular continua is Π 0 4 -complete.
1. Introduction. In this note we study some natural classes of continua from the viewpoint of descriptive set theory: motivations, style and spirit are the same of papers such as [Dar00] , [CDM02] , and [Kru03] . Pol and Pol use similar techniques to study problems in continuum theory in [PP00] .
By a continuum we always mean a compact and connected metric space. A subcontinuum of a continuum X is a subset of X which is also a continuum. A continuum is nondegenerate if it contains more than one point. A curve is a one-dimensional continuum.
Let us start with the definitions of some classes of continua: all these can be found in [Nad92] , which is our main reference for continuum theory. Definition 1.1. A continuum X is hereditarily locally connected if every subcontinuum of X is locally connected, i.e. a Peano continuum.
A continuum X is hereditarily decomposable if every nondegenerate subcontinuum of X is decomposable, i.e. is the union of two proper subcontinua.
A continuum X is regular if every point of X has a neighborhood basis consisting of sets with finite boundary.
A continuum X is rational if every point of X has a neighborhood basis consisting of sets with countable boundary.
The following classes of continua were defined by Lelek in [Lel71] . Definition 1.2. A continuum X is Suslinian if each collection of pairwise disjoint nondegenerate subcontinua of X is countable.
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A continuum X is finitely Suslinian if for every ε > 0 each collection of pairwise disjoint subcontinua of X with diameter ≥ ε is finite. Theorem 1.3. The following chain of implications for continua holds: regular ⇒ finitely Suslinian ⇒ hereditarily locally connected ⇒ rational ⇒ Suslinian ⇒ hereditarily decomposable ⇒ curve.
Proof. The fact that every hereditarily locally connected continuum is rational, is well known and originally due to Whyburn ([Why42, Theorem V.3.3]). The last implication follows from Mazurkiewicz's theorem (see e.g. [Nad92, Theorem 13.57]) asserting that every compact metric space of dimension at least 2 contains a nondegenerate indecomposable continuum. All other implications are proved by Lelek in [Lel71] .
In particular all classes of continua introduced in Definitions 1.1 and 1.2 are classes of curves.
None of the implications of Theorem 1.3 reverses, although Lelek noticed that every planar hereditarily locally connected continuum is finitely Suslinian.
Our goal is to understand the complexity of the notions we just defined. To this end we use the hierarchies of descriptive set theory. We explain briefly how descriptive set theory deals with (classes of) continua.
If X is a compact metric space, we denote by K(X) the hyperspace of nonempty compact subsets of X, equipped with the Vietoris topology which is generated by the Hausdorff metric, denoted by d H . Then K(X) is compact metric ([Kec95, §4.F] or [Nad92, Chapter IV]). We denote by C(X) the subset of K(X) which consists of all subcontinua of X; C(X) is closed in K(X) and, therefore, it is a compact metric space. Denote by I the closed interval [0, 1]. Every compact metric space, and in particular every continuum, is homeomorphic to a closed subset of the Hilbert cube I N . Hence C(I N ) is a compact metric space containing a homeomorphic copy of every continuum. Similarly, C(I 2 ) is a compact metric space containing a homeomorphic copy of every planar continuum. Therefore, if P is a class of continua closed under homeomorphisms (as those introduced in Definitions 1.1 and 1.2), it makes sense to identify P with the set of all subcontinua of I N belonging to P, so that P becomes a subset of C(I N ). Therefore P can be studied with the tools and techniques of descriptive set theory, which studies Polish (i.e. separable and completely metrizable) spaces. Similarly, by considering P ∩ C(I 2 ) we study the class of planar continua belonging to P. When P is a class of continua which has been studied for its own sake in continuum theory, as those introduced in Definitions 1.1 and 1.2 (rather than being built ad hoc to exhibit certain descriptive set-theoretic features), we say that P is a natural class (this is obviously a sociological, rather than a mathematical notion).
We recall the basic definitions of the hierarchies of descriptive set theory (for more details see e.g. [Kec95] ). If X is a metric space we denote by Σ By establishing the position of a set in the Borel and projective hierarchies (i.e. the smallest family to which the set belongs), we obtain some information about the complexity of P. This gives lower limits for the complexity of any characterization of the elements of the set. This also has continuum-theoretic consequences: e.g. a class of continua which is not Σ We leave as an open problem the classification of the class of rational continua (it is easily seen to be Σ 1 2 , i.e. the continuous image of a Π 1 1 set, and Π 1 1 -hard). In the remainder of this section we fix our notation and quote some results we will use frequently.
If X is a metric space, we always denote the metric by d. Furthermore, we write B(p; ε) for the open ball of center p ∈ X and radius ε > 0, while diam(A) is the diameter of the set A ⊆ X. If A ⊆ X, A is the closure of A and ∂A its boundary. We use N to denote the set of nonnegative integers. 2 N is the Cantor space consisting of the infinite sequences of 0's and 1's equipped with the product topology obtained from the discrete topology on {0, 1}; it is a compact metric space homeomorphic to Cantor's middle third set.
We will deal with finite sequences of 0's and 1's, which form the set 2 <N . Let s, t ∈ 2 <N . Then
• |s| is the length of s, • s0 (resp. s1) is the sequence of length |s| + 1 obtained by extending s with a final 0 (resp. 1), • s ⊆ t means that s is an initial segment of t, • if n < |s| then s(n) is the (n + 1)th element of s, • if n ≤ |s| then s n is the initial segment of s which has length n, and • s ∧ t denotes the longest sequence which is an initial segment of both s and t.
If α ∈ 2 N , then s ⊂ α, α(n), and α n also make sense. By ∀ ∞ n we mean for all but finitely many n's. To show that a set A is, say, Π 1 1 -hard one usually picks an already known Π 1 1 -complete set B, and shows that B ≤ W A. Here are the sets we will use in our proofs. (I N×N is the space of functions from N × N to I, with the product topology.) To prove (3), notice that the results in [Kec95, §23.A] imply that the set
Checking that β ∈ P if and only if f (β) ∈ Q is straightforward.
In establishing the upper bounds for the classes we study, the following simple fact is useful; for a proof (of a slightly more general version) see [AM97, Lemma 1.3].
Lemma 1.5. Let X be Polish and
The following facts about subsets of K(X) are also useful (see [Kec95, Exercise 4 .29]).
Recall also the following well known theorem of continuum theory; for a proof see [Nad92, Theorem 5.4]. 
Hereditarily locally connected continua
Definition 2.1. Let X be a continuum and K be a nondegenerate subcontinuum of X. Then K is a continuum of convergence within X if there exists a sequence {K i } i∈N of subcontinua of X which converges (in the Vietoris topology) to K and is such that K i ∩ K = ∅ for every i.
The following theorem provides a well known characterization of hereditarily locally connected continua (see e.g. [Nad92, Theorem 10.4]).
Theorem 2.2. A continuum X is hereditarily locally connected if and only if no subcontinuum of X is a continuum of convergence within X.
The following fact about continua of convergence will be useful.
Lemma 2.3. Let X be a continuum and K be a continuum of convergence within X. If U is open in K and p is such that p ∈ U , there exists H which is a continuum of convergence within X such that p ∈ H ⊆ U .
Proof. Let V be open in X such that U = V ∩ K, and pick W open in X such that p ∈ W and W ⊆ V . Let η > 0 be the distance of p from ∂W . Let {K i } i∈N be a sequence of subcontinua of X which converges to K and is such that K i ∩ K = ∅ for every i.
For every n ∈ N there exists i n ∈ N such that K i n ∩ B(p; 2 −n ) = ∅. Let p n belong to this intersection and let H n be the connected component of K i n ∩ W which contains p n . Notice that the Boundary Bumping Theorem implies that diam(H n ) ≥ η − 2 −n . By extracting a subsequence we may assume that {H n } n∈N converges to some H, which is obviously a subcontinuum of X.
Notice
To prove that the class of planar hereditarily locally connected continua is Π If the G i 's are subsets of a metric space, the mesh of G, denoted by
The following lemma is folklore, and besides an easy exercise.
Lemma 2.6. Let G be a coherent collection of sets and let a, b ∈ G. Then there exists a chain H whose links are elements of G such that a, b ∈ H.
Definition 2.7. If H = H 0 , . . . , H n and G = G 0 , . . . , G n are chains of subsets of a topological space we say that:
• H is a subchain of G, denoted by H ⊆ G, if all links of H are links of G (and hence there exists i such that H is either G i , . . . , G i+n or G i+n , . . . , G i ); • H refines G, denoted by H G, if the closure of every link of H is contained in some link of G and if for every G ∈ G there exists H ∈ H such that H ∩ (G \ {G}) = ∅; • H goes straight through G, denoted by H s G, if H G, H 0 ⊆ G 0 , and for each i ≤ n there exist j 0 ≤ i 0 ≤ i 1 ≤ j 1 ≤ n such that
in this case the chain H i 0 , . . . , H i 1 ⊆ H is the pass of H through G i ; • H follows z-pattern through G, denoted by H z G if H G and there exist 0 < i < j < n such that H 0 , . . . , H i s G, H j , H j −1 , . . . , H i s G, and H j , H j +1 , . . . , H n s G.
Our definition of H s G is more restrictive than the one of [Dar00] , to allow for a precise definition of the pass of H through G i (a notion that Darji did not need in his earlier paper). Notice that if H z G then H has three (or two, if i ∈ {0, n}) passes through G i .
Lemma 2.8. Suppose {G n } n∈N is a sequence of chains of open sets in a metric space such that
• some G n has at least two links,
Proof. This lemma (usually for the less restrictive notion of s ) is well known and its proof is essentially contained in the proof of Theorem 1 of [Moo62] on p. 84.
Lemma 2.9. Suppose {G n } n∈N is a sequence of chains of open sets in a metric space such that
G n for all n, • G n+1 z G n for infinitely many n's.
Then n ( G n ) is a nondegenerate indecomposable continuum.
Proof. This follows (for the less restrictive notion of z , which employs the less restrictive notion of s ) from the characterization of indecomposable continua given in [IC68] .
Definition 2.10. If ε > 0 and G and H are chains in a metric space we say that G and H are ε-entangled , denoted by G ε H, if the first link and the last link of G and H coincide, and whenever K ⊆ G ∪ H is a chain with diam( K) ≥ ε, K ∩ G ∩ H = ∅.
Lemma 2.11. Any set of hereditarily decomposable continua which contains all planar hereditarily locally connected continua is Π Proof. Recall the notation of Lemma 1.4(1). We will define F : K(2 N ) → C(I 2 ) continuous and such that if C ⊆ D then F (C) is hereditarily locally connected, while if C D then F (C) is not hereditarily decomposable.
To define F we construct sequences {G s | s ∈ 2 <N } and {I s,n | s ∈ 2 <N , n > |s|} such that the following conditions are satisfied:
(1) G s is a chain of open and connected subsets of I 2 ; (2) mesh(G s ) < 2 −|s|−1 ; (3) G s0 s G s and G s1 z G s ; (4) G s0 2 −|s| G s1 ; (5) if t = t both have length n and s = t ∧ t then G t ∩ G t = I s,n ; (6) for every n > |s| and L ∈ I s,n there exists L ⊆ I s,n+1 such that L ⊆ L for every L ∈ L, and for every t ⊃ s with |t| = n + 1 the first and last link of each pass of G t through L belong to L. Notice that condition (4) implies that G s has at least two links whenever |s| > 0, and that by condition (5) we have I s,n ⊆ G t for every t ⊃ s with |t| = n.
If α ∈ 2 N let M α = n ( G α n ). Lemmas 2.8 and 2.9 and conditions (1)-(3) imply that if α ∈ D then M α is an arc, while if α ∈ D then M α is indecomposable.
Before defining F we establish two claims about our construction.
Claim 2.11.1. Let s ∈ 2 <N , n > |s| and H be a chain such that diam( H) > 2 −|s| and H ⊆ {G t | |t| = n & s ⊂ t}. Then H ∩ I s,n = ∅.
Proof. We argue by induction on n. The base case is n = |s| + 1 and follows from conditions (4) and (5). Suppose the claim holds for n ≥ |s| + 1 and let H ⊆ {G t | |t| = n + 1 & s ⊂ t} be a chain with diam(
Since H is a chain, H is coherent and by Lemma 2.6 there exists a chain H ⊆ H such that a, b ∈ H and hence diam( H ) > 2 −|s| . By induction hypothesis there exists L ∈ H ∩ I s,n . Since L ∈ H there exists L ∈ H with L ⊂ L . Since diam( H) > 2 −|s| > 2 −n−1 , by condition (2) there are links of H which are not contained in L . By condition (6) there exists a link in H ∩ I s,n+1 .
Claim 2.11.2. Let s ∈ 2 <N and X ⊆ α⊃s M α be a continuum with diam(X) > 2 −|s| . Then X ∩ M α = ∅ for every α ⊃ s. Proof. Fix a, b ∈ X with d(a, b) > 2 −|s| . For every n > |s| let
Since X is connected, K n is coherent and Lemma 2.6 implies that there exists a chain H n ⊆ K n with a, b ∈ H n , so that diam( H n ) > 2 −|s| . By Claim 2.11.1 there exists L n ∈ H n ∩ I s,n . Let p n ∈ L n ∩ X. Since L n ∈ G α n , condition (2) implies that d(p n , M α ) < 2 −n−1 . Some subsequence of {p n } converges to some p, and clearly p ∈ X ∩ M α .
We now define F : K(2 N ) → C(I 2 ) by setting F (C) = α∈C M α . To check that F is continuous it suffices to show that F (C) = n α∈C ( G α n ) and use condition (2). One inclusion is trivial, while for the other let p ∈ n α∈C ( G α n ). For every n we have p ∈ G α n n for some α n ∈ C. There exists a subsequence {α n k } which converges to some α ∈ C. We claim that p ∈ M α ⊆ F (C), so that we need to show that p ∈ G α n for every n. Given n, pick k such that n k ≥ n and α n k n = α n; then
We now show that F has the properties stated at the beginning of the proof.
If C D then some indecomposable M α is contained in F (C), and therefore F (C) is not hereditarily decomposable.
Now suppose that C ⊆ D; we need to prove that F (C) is hereditarily locally connected. To this end, by Theorem 2.2, it suffices to show that F (C) contains no continuum of convergence. Towards a contradiction suppose K is a continuum of convergence within F (C). Since K is the countable union of the K ∩ M α with α ∈ C, for some α ∈ C, K ∩ M α is not nowhere dense in K and there exists U ⊆ K ∩ M α open in K. By Lemma 2.3 there exists H ⊆ U which is a continuum of convergence within F (C). In particular H is a subarc of M α and there exist ε > 0 and p ∈ H such that B(p; ε)∩M α ⊂ H; we may assume ε < 1 3 diam(H). Let m be such that 2 −m+1 < ε and write s = α m. Let {H i } i∈N be a sequence of subcontinua of F (C) which converges to H and is such that 
By Lemma 1.6 this equivalence shows that the class of finitely Suslinian continua is Π 1 1 .
3. Suslinian continua. The following lemma is useful in establishing the upper bound for the class of Suslinian continua, and follows from [CL78, 2.1].
Lemma 3.1. Every non-Suslinian continuum has a Cantor set of pairwise disjoint nondegenerate subcontinua.
Theorem 3.2. The class of Suslinian continua is Π 1 1 -complete. Proof. By Lemma 3.1, we see that for any continuum X ∈ C(I N ), X is Suslinian if and only if
In view of Lemmas 1.5 and 1.6, and the fact that the uncountable compacta of a compact space form a Σ Lemma 4.1. Let X be a continuum. The following conditions are equivalent:
(1) X is regular ; (2) whenever p, q ∈ X are distinct, there exists a finite set F such that p and q belong to different connected components of X \ F (in this case we say that F separates p and q in X); (3) for every ε > 0 there exists n such that every collection of pairwise disjoint subcontinua of X of diameter ≥ ε has size at most n.
Proof. (2) is a well known characterization of regular continua ([Nad92, Theorem 10.19]). The equivalence of (1) and (3) is due to Lelek ([Lel71] ). Proof. We will use the set Q of Lemma 1.4(3). We are going to define a continuous function
This suffices to prove the lemma.
Each L α is a subcontinuum of the continuum L described by Nadler in [Nad92, Example 10.38] and drawn in Figure 2 : L is not hereditarily locally connected and hence not regular. To define L α we need to introduce some notation describing L in some detail (our notation is more detailed than and slightly different from Nadler's). Let A = I × {0} and, for n ∈ N, A n = I × {2 −n }. For n ∈ N and m ≤ 2 n+1
For n ∈ N and m < 2 n+1 , let also
so that A r n,m is the left portion of A n,m of length r times the length of the whole segment. For each n and m < 2 n+1 , let k n,m be such that 1−2
In other words, L α always contains A and the vertical segments contained in L, while α dictates how much of the A n,m 's are in L α (notice that we are always leaving out every A n,2 n+1 −1 ). A sample L α is drawn in Figure 3 . It is immediate that the function α → L α from I N×N to C(L) ⊂ C(I 2 ) is continuous.
In the remainder of the proof we will use implicitly some straightforward observations we summarize here. If m < 2 n+1 − 1 then the following hold:
• (m + 1) · 2 −n−1 ≤ 1 − 2 −k n,m −1 ; • k n,m ≤ n; • k n,m = n if and only if m = 2 n+1 − 2; • m · 2 −n−1 ≤ m · 2 −n −1 < (m + 1) · 2 −n −1 ≤ (m + 1) · 2 −n−1 if and only if n ≤ n and k n ,m = k n,m .
We are now ready to prove (1) and (2).
(1) Suppose α ∈ Q. To prove that L α is regular we will use condition (2) of Lemma 4.1. Let p and q be given. It is immediate that if p ∈ A then there exists F containing at most four points which separates p and q in L, and a fortiori in L α . Thus we may assume that p, q ∈ A, so that p = (a, 0) and q = (b, 0), and furthermore suppose that a < b. Let c = m · 2 −n−1 be such that a < c < b, so that m < 2 n+1 . Let k be such that 1−2 −k < c ≤ 1−2 −k−1 .
Since α ∈ Q there exists N such that α(k, n) < 1 for every n > N . Let
The connected component of L α \F containing p is G = L α ∩{(x, y) | x < c} (in fact G ⊆ G ∪ F ). Thus p and q are in distinct connected components of L α \ F .
(2) Notice that if α(k, n) = 1, we have A n,m ⊂ L α whenever k n,m = k and thus {(x, 2 −n ) | 1 − 2 −k ≤ x ≤ 1 − 2 −k−1 } ⊂ L α . This shows that if k is such that α(k, n) = 1 for infinitely many n's then {(x, 0) | 1 − 2 −k ≤ x ≤ 1−2 −k−1 } is a continuum of convergence within L α . Therefore if α ∈ Q then L α contains a continuum of convergence and hence by Theorem 2.2 is not hereditarily locally connected. 
By Lemmas 1.5 and 1.6 this formula defines a Π 0 4 set. Theorem 4.3 implies that we can characterize regular continua by a Borel condition, but this characterization needs to be quite involved.
We like to thank the referee for making valuable changes and improving the exposition of this paper.
